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The effect is studied of capillarity-driven viscous flow through macroscopic liquid films
during the isothermal drying of porous materials. A mathematical model that accounts for
viscous flow in a 2-D pore network, through both the liquid films and the bulk liquid
phase, is presented. The results are compared with previous works that do not account for
the effect of films and with experimental findings by other authors. It is shown that film
flow is a major transport mechanism in the drying of porous materials, its effect being
dominant when capillarity controls the process, which is the case in typical applications.
By contrast, viscous flow in the bulk contributes negligibly. The results are then gener-
alized to drying under an applied temperature gradient. © 2004 American Institute of
Chemical Engineers AIChE J, 50: 2721–2737, 2004
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Introduction

The drying of porous media is a displacement process, in
which the liquid phase in the pore space recedes as a result of
evaporation. A typical geometry in an isothermal drying appli-
cation is shown in Figure 1. Drying is driven by the injection
of a purge gas at one side (the open end) of the medium, all
other boundaries of which are no-flow boundaries. The liquid
evaporates and is transferred by diffusion and convection to-
ward the open end, where it is purged. Capillary and viscous
forces control the various liquid–gas interfaces.

The problem has been addressed in the past using mostly

phenomenological approaches. In these, the porous medium is
a continuum; the dependent variables, like moisture content,
are volume-averaged quantities; and the relation of fluxes to
gradients is through empirical coefficients. A good account of
such methods can be found, for example, in the reviews by
Luikov (1966) and Whitaker (1977, 1998, 1999). Effective
continuum mass and energy balances are supplemented by
postulated constitutive equations to provide the dependency of
parameters on process variables. Although useful as effective
models, the weakness of such approaches is that they often lack
an understanding of the phenomena at the pore or pore-network
scales.

More recent work has focused on mechanistic pore-level
studies (Freitas and Prat, 2000; Laurindo and Prat, 1996,
1998a,b; Le Bray and Prat, 1999; Nowicki et al., 1992; Pan et
al., 1995; Prat, 1993, 1995; also see the review by Prat, 2002).
An important realization that has emerged is that, like other
phase change processes in porous media (Yortsos and Stubos,
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2001), drying is a drainage process, where the evaporating
wetting liquid is being displaced by a nonwetting gas. Thus, in
the absence of viscous effects, the pattern of the receding
interface is described by invasion percolation (IP) (Lenormand
and Zarcone, 1985; Wilkinson, 1986; Wilkinson and Willem-
sen, 1983). IP conditions apply at low drying rates (which, for
example, always occur at the later stages of the process).

Compared to other drainage processes, a unique aspect of
drying is the existence of disconnected clusters (DC) of the
liquid [region (ii) in Figure 1], which develop in front of the
main continuum liquid cluster (CC) [region (i) in Figure 1].
These act partly to screen it from the evaporating side of the
porous medium. Mass transfer in the gas phase controls the
rates of displacement and affects the patterns of the continuous
and the disconnected clusters. When viscous effects in the gas
and liquid phases are important, the drying patterns depart from
IP, and the displacement can be described as invasion perco-
lation in a stabilizing gradient (IPSG) (Prat and Bouleux, 1999;
Tsimpanogiannis et al., 1999).

To understand pore-network level phenomena involved in
drying, pore-network simulation methods of increasing sophis-
tication have been used. In early efforts (Prat, 1993, 1995) the
pattern of the receding interfaces, in both the DC and the CC,
was assumed controlled by local percolation rules (as also
discussed by Li and Yortsos, 1995, in the context of solution
gas-drive), and the mass transfer in the gas by quasi-static
diffusion. Effects of gravity were added by Laurindo and Prat
(1996, 1998a,b). Drying rates were computed by solving the
diffusion equation around the percolation interfaces of the DCs
and the CC. Subsequently, viscous effects were added, in an
approximate fashion, by Tsimpanogiannis et al. (1999), and
using a more elaborate pore-network simulation by Yiotis et al.
(2001). The latter accounts for viscous effects in the gas and in
the liquid, and for advection and transients in the gas phase.
Increasing the velocity of the purge gas leads to a smaller
number of disconnected clusters, a smoother interface of the
continuum cluster, and accelerated drying. However, these
effects diminish as the drying front recedes deeper into the
porous medium and the simpler picture of IP and quasi-static
diffusion control reemerges. Two studies using similar con-
cepts, but also incorporating temperature gradients, appeared
recently in the literature (Huinink et al., 2002; Plourde and

Prat, 2003). Temperature entered in two important properties,
the interfacial tension and the equilibrium vapor pressure, and
was shown to exert important effects on the patterns and the
drying rates, respectively.

Common to all these works has been the absence of films.
All gas–liquid interfaces were assumed in the form of menisci,
spanning across a pore-throat or a pore-body cross section (for
example, see Figure 2, borrowed from Yiotis et al., 2001). Such
a meniscus separates a completely empty (CE) gas pore from a
full liquid pore (L) (see Figure 2C). When the pressure differ-
ence across it reaches the capillary threshold of the pore, the
meniscus will recede (be displaced) to an adjacent pore (Fig-
ures 2B and D). During this process, the meniscus moves
across the emptying pore [which is here denoted as partly
empty (PE)]. This conceptual sequence has been used by Yiotis
et al. (2001) to develop a pore-network model of the process.
One important aspect missing from such and related models,
however, is the presence of wetting films. For example, it is
well known that in realistic (not cylindrical) pore geometries,
the meniscus displacement will be followed by the formation of
liquid films along the pore surface (schematically shown in
Figure 3). The films provide hydraulic conductivity for the
receding liquid, and can play an important role in the transport
of mass and, in the present context, in evaporation.

The literature on films on surfaces is immense and we will
not attempt to even summarize it here, our focus being only on
larger-scale phenomena of relevance to porous media. More-
over, in this work we will restrict attention to macroscopic or
“thick” films. Thin films, with thickness of the order of nano-

Figure 1. Drying of a liquid in a porous medium.
Figure 2. Typical interfaces assumed during the dis-

placement of a meniscus, in the absence of
liquid films (from Yiotis et al., 2001).

Figure 3. Evolution of film curvature in the cross section
of a square throat.
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meters, are certainly of interest, although their hydraulic con-
ductivity is very low (Davis, 1996; Lenormand and Zarcone,
1984). Their relevance to porous media transport, particularly
at the trailing end of drainage, has been emphasized by many
authors (Davis, 1996; De Gennes, 1985a; Toledo et al., 1992).
However, their contributions to the overall liquid flow in dry-
ing should be negligible compared to that of thick films.

Flow through macroscopic films has been analyzed in the
context of imbibition by many authors, including Lenormand
and Zarcone (1984), Lenormand (1992), Dullien et al. (1997),
and Constandinides and Payatakes (2000), among others.
Lenormand (1992) described in detail the expected mecha-
nisms attributed to film flow in imbibition. During displace-
ments in packed beds of beads of a rough surface, Dullien et al.
(1997) reported flow along surface microchannels that provide
hydraulic connectivity between macroscopically isolated liquid
regions. This was found to be negligible in the case of smooth
glass beads. Dillard and Blunt (2000) examined mass transfer
from liquid films in dissolution processes, whereas Blunt et al.
(2002) presented a detailed review of flow through films in the
context of three-phase flow. Constandinides and Payatakes
(2000) demonstrated the importance of precursor wetting films
on the roughness of the pore walls, in forced imbibition at low
capillary numbers.

In the context of drying, past experimental work has empha-
sized the existence and speculated on the role of film flow
(Laurindo and Prat, 1998a; Shaw, 1987; Tsimpanogiannis et
al., 1999). In a series of visualization experiments Shaw (1987)
found that, under comparable conditions, the drying front in a
cell containing packed beads moved one order of magnitude
faster than when the cell was empty. Shaw attributed this
“unorthodox” result to liquid counterflow through films that
form along particle contacts, and argued that it is the dominant
mechanism for the drying of porous materials. Laurindo and
Prat (1998a) performed drying experiments in two-dimensional
(2-D) etched-glass micromodels and compared their results
with predictions from a pore-network simulator, which did not
contain films. The experimental rates were found to be about
sixfold higher than the numerical rates. These authors also
attributed the flow enhancement to wetting liquid films and
presented a simplified model for the associated transport mech-
anism. Liquid films were described in the form of a bundle of
microcapillaries on the pore surface. However, no quantitative
models for film flow were developed.

This report addresses the role of wetting films in the context
of drying. The objective is to determine whether film flows can
be as significant mechanism of drying as purported to be in the
experiments cited. A parallel objective is to explore results that
may arise from the counterflow configuration, such as where
the displacement of the liquid–gas interface is in one direction,
but the liquid flow in the opposite direction. We address these
issues by providing a pore-network study. The basic elements
of this article were reported in a previously submitted brief
communication (Yiotis et al., 2003). Here, we expand on the
approach used and we also consider the more general case
where viscous effects in the bulk liquid are included. These
were neglected previously. As a first approximation, we will
neglect temperature effects. After developing the basic theory,
temperature effects will be introduced. Gravity will not be
considered, although its inclusion is straightforward.

The article is organized as follows. After the general formu-

lation of the problem, we focus, first, on film flow in a long
capillary, to develop useful insights for the porous medium
problem. Then, we develop the basic aspects of the theory and
proceed with numerical simulation. As is customary, we use a
porous medium representation in terms of a pore network.
Finally, we address the effect of temperature gradients. Results
are analyzed and discussed.

Problem Formulation

Consider the isothermal evaporation of a single-component
liquid in a porous medium (see also section on temperature
effects). As shown in Figures 1 and 4, one side of the medium
is open to the ambient environment, which is kept dry (through
the flow of a purge gas), whereas the other three sides are
impermeable to fluid flow and mass transfer. The porous me-
dium will be represented by a 2-D square lattice of pores
connected through throats with polygonal (such as a square)
cross section, as shown in Figures 2–4. For simplicity, all pores
are assumed to be of the same volume. However, the radii of
the throats, and thus the corresponding capillary thresholds,
will be distributed randomly. In the presence of films, at any
stage of drying, the pore space can be characterized by three
kinds of pores (Figure 4): type-L pores, fully occupied by
liquid; type-G pores, fully occupied by gas; and type-F pores,
occupied by gas but also containing liquid films. The existence
of pores of type F is the distinguishing feature of this work,
compared to previous works in drying (Laurindo and Prat,
1998a,b; Plourde and Prat, 2003; Prat, 1993; Prat and Bouleux,
1999; Tsimpanogiannis et al., 1999; Yiotis et al., 2001). Our
focus is on thick films (such as those that form in the corners
of polygonal pores), and where flow is driven by capillary
pressure gradients. Here, we will account for viscous effects
both in the films (F pores), as well as in the continuous liquid

Figure 4. Liquid and gas phase patterns, indicating the
various types of pores in drying used in this
study.
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phase (region L), which were neglected in our short commu-
nication (Yiotis et al., 2003). Mass transfer in the gas phase is
assumed only by diffusion, which is usually valid in drying
problems (Laurindo and Prat, 1996, 1998a,b; Prat, 1995; but
see also Yiotis et al. 2001).

Because of the applied concentration gradients, the liquid
evaporates along the liquid–gas interfaces, the resulting gas-
phase species diffusing in the gas phase toward the dry end.
During this process, the macroscopic gas–liquid interfaces (de-
noted by P in Figure 4) recede, both in the continuous and the
discontinuous clusters. The rates and patterns under which this
occurs is the ultimate objective of this work. An algorithm on
how menisci recede in the absence of film flow was formulated
in Yiotis et al. (2001). The goal of this work is to incorporate
the effect of film flow, such as in the pores of type F, on the
patterns and rates of displacement, and the rates of drying.

To proceed, we will parameterize a film in region F by its
radius of curvature r, which is a function of time and distance.
Assuming local capillary equilibrium at the film interface, we
have

Pc � Pg � Pl �
�

r
(1)

where � is the interfacial tension. By neglecting variations in
the gas pressure (for an account of these effects, see Yiotis et
al., 2001) we can take without loss, Pg � 0. Then, the pressure
in the film (Pl) is

Pl � �
�

r
(2)

Fluid flow through the film will result in the decrease of the
liquid pressure, and thus, according to Eq. 2, to a decrease of
the film radius (and the film thickness). Conversely, any de-
crease of the film radius will induce a corresponding flow,
driven by capillarity.

For further progress, we must write mass balances for the
evaporating species in the film and in the gas, which must then
be coupled to the full problem. Given the complexity of the
pore space this is by no means a trivial task. We will show,
however, that it is possible to make meaningful progress with
a relatively simple approach. For this, we must consider first a
single film in a long capillary.

Liquid flow through macroscopic films in a single
capillary

Several authors (Lenormand and Zarcone, 1984; Ransohoff
and Radke, 1988; Zhou et al., 1997) studied film flow along the
corners of long smooth capillaries with polygonal cross sec-
tions. Assuming unidirectional (direction x) viscous flow, a
Poiseuille-type law applies in these geometries

Qx � �
�r4

�l

�Pl

�x
(3)

where Qx is the volumetric flow rate, � is a dimensionless
geometric factor, and �l is the liquid viscosity. By combining
Eqs. 2 and 3, we obtain

Qx � �
��r2

�l

�r

�x
(4)

Parameter � was determined previously for various model
geometries (Dong and Chatzis, 1995; Ransohoff and Radke,
1988). For example, the latter authors studied film flow in one
corner of a capillary with a polygonal cross section and found
the following expression

� �
C*

�
where

C* � �cos � cos�	/4 
 ��

sin�	/4�
� �	/4 � ��� (5)

where the shape factor C* is expressed in terms of the contact
angle �. The dimensionless resistance � was previously calcu-
lated by Ransohoff and Radke (1988). In our case, � � 0, thus
C* � 1 � 	/4 and � � 93.5; thus, in the simulations below
(capillaries of square cross section), we will take � � 0.0022.
We note that this parameter is of order 10�3. We also add that
in the above, that the capillary and the flow conductivity radii
are of the same order of magnitude, given that the pore walls
are assumed smooth. In more complex film flow models, where
the pore walls are rough, the two are not the same (Constan-
tinides and Payatakes, 2000), thus affording an additional
length scale, and also ensuring the stability of long films. The
latter was tacitly assumed here.

Consider, now, the mass balance for the evaporating species
in the capillary, by accounting for the four liquid films in the
cross section. Then

�4 � 	�
�r2

�t
� �4

�Qx

�x
� Qev (6)

where Qev is the evaporation rate. To evaluate the latter we use
the simple diffusion model

Qev � �2	rD

�l
� �Ce � C�

r0
(7)

where D is a measure of the gas-phase diffusivity; C is the
average gas-phase mass concentration (mass per unit volume)
of the evaporating species; Ce is the equilibrium concentration,
a function of temperature; �l is liquid density; and r0 is the size
of the capillary. We recognize that the particular details of film
evaporation, particularly near the tip of the film, are very
complex, involving precursor films, instabilities, and the inter-
play between disjoining pressures, thin films, decreasing vapor
pressure as a result of Kelvin effects, and heat and mass
transfer (Cazabat et al., 1990; De Gennes, 1985b; Derjaguin et
al. 1987; Kataoka and Troian, 1997; Oron et al., 1997; Peter-
son, 1994; Wayner, 1991, 1999). Clearly, then, Eq. 7 is only a
first-order approximation, and the value of D is a lumped
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parameter to account for many of these omissions. Although
we understand these limitations, our goal is to provide a lead-
ing-order description of the problem at the larger scale, which
involves several pore radii, and it is with this understanding
that we will proceed. Combining Eqs. 4, 6, and 7 then leads to

�r

�t
�

2��

�4 � 	��l
�r

�2r

� x2 
 2� �r

� x�
2�
�

	D

�4 � 	��l

�Ce � C�

r0
(8)

For dimensionless notation, we introduce the diffusive time
� � Dt/r0

2, a rescaled radius of curvature � � r/r0, a rescaled
axial distance  � x/r0, and a dimensionless concentration � �
C/Ce, based on which we write

� �4 � 	��l

	Ce
�Ca

��

��
� �

�2�

�2 
 2���

��
2


 Ca�� � 1� (9)

Here we introduced the capillary number Ca � 	DCe�l/
2��lr0�. As in other mass-transfer driven processes (for exam-
ple, Satik et al., 1995), this capillary number expresses the ratio
of the viscous forces attributed to flow driven by mass transfer
to capillary forces.

Equation 9 is coupled to the mass balance in the gas phase.
Proceeding in a similar fashion we find

�C

�t
� D

�2C

� x2 

1

2

	rD

r0
3 �Ce � C� (10)

or, in dimensionless notation

��

��
�

�2�

�2 

1

2
	��1 � �� (11)

Equations 9 and 11 are to be solved subject to appropriate
initial and boundary conditions. Before we proceed with a
specific problem, however, the following remarks are in order.

(1) Given a constant supply of liquid at one end, the two
equations ultimately reach a steady state. Concentration pro-
files reach this state in a few units of the time to diffuse over
a distance of the order of a pore radius. The characteristic time
for the film thickness profile to reach steady state is different,
and equals the capillary time [(4 � 	)�lr0]/2��. Of importance
to our work is the comparison of these times with the time tp it
takes to empty a pore of volume at the origin of the film (where
the evaporating liquid is supplied). Assuming that the driving
flux is attributed to a concentration gradient Ce/(Xr0), then tp �
�lVpX/r0DCe. Hence, for a steady state to be established before
any significant movement of the origin of the film, it is required
that

r0
3Ce

Vp�l
�� X (12a)

for the concentration and

� r0
3

Vp
� �4 � 	�Ca

	
�� X (12b)

for the film thickness. Given the large difference in the densi-
ties between the gas and the liquid phases, both these condi-
tions are readily satisfied, even for values of the capillary
number of order 1.

(2) Equation 11 suggests that the concentration follows an
exponential decay, within a region of the order of a few film
radii, near the end of the film. Therefore, we also infer that
evaporation practically occurs near the tip of the film (in a
region of the order of several film radii) and that the concen-
tration varies mostly in that region. A numerical demonstration
of both these assertions is given in Appendix A.

The development of a quasi–steady state is expected. It is
consistent with other diffusion-controlled problems in porous
media (for example, Peitgen and Saupe, 1988; Witten and
Sanders, 1981). The restriction of the evaporation to a narrow
region is a consequence of the exponential decay of the con-
centration: because of the confined pore geometry, the gas
phase becomes rapidly saturated, limiting evaporation to a
narrow region near the film tips, where the liquid flux is
supplied by capillarity-driven film flow.

Figure 5 shows a typical steady-state profile obtained from
the solution of Eqs. 9 and 11. The liquid flux through the film
exactly balances the evaporation rate. As expected, evaporation
occurs near the tip of the film, located approximately at the
distance p � N/[1 � (6Ca/	)], where N is the (dimensionless)
length (aspect ratio) of the capillary. To the left, the gas is
saturated, and the cube of the thickness of the film is to a good
approximation a linear function of distance �3 � 1 � {6Ca/
[	(N � p)]}. To the right, the film thickness is almost zero
and the concentration profile approximately linear, as expected
from the above analysis. Two-dimensional analogues will be
described later.

Drying through macroscopic films in a pore network

The single-capillary physics described above are also ex-
pected to apply to the general problem, where films exist in a

Figure 5. Steady-state profiles of the rescaled liquid film
thickness and the gas phase concentration,
for evaporation and film flow in a single capil-
lary.
Ca � 0.5, N � 100.
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network of capillaries (pores). Therefore, we will proceed and
simplify the full problem in pores of the types F and G (Figure
4), by assuming the following: quasi–steady state in the film
thickness, a saturated gas phase (C � Ce), and only film flow
in F-type pores; a quasi–steady state in the concentration in
G-type pores; and evaporation occurring where the films ter-
minate, that is, at the interface I between pores F and G. Based
on these assumptions, we then have the following description:

In Region F

�2�3 � 0 and � � 1 (13)

where � now stands for an appropriately volume-averaged
thickness.

In Region G

�2� � 0 and � � 0 (14)

Across the Evaporation Interface I

1

Ca

��3

�n
�

��

�n
and � � 0, � � 1 (15)

Equation 15 expresses the continuity of flux at the evaporation
interface. Drying is driven by imposing � � 0 at the open end
of the domain (Figure 1). In Eqs. 13–15 above, we provided an
upscaled version of the problem. This was done only for the
sake of convenience in notation, however. In the simulations
shown later, the discrete form (as appropriate for the specific
pore network) is used.

We summarize the approach to be taken for modeling the
effect of films: at any given time evaporation occurs only at the
film tips (interface I), at rates dictated by the solution of Eqs.
13 and 14 in their respective domains, coupled with condition
15 at their interface and constrained by the conditions � � 0 at
the open end and by specifying the value of � at the boundary
P of the liquid clusters. During the process, some liquid clusters
of finite size may become disconnected and macroscopically
isolated (Figures 1 and 4). The rate by which the size of a given
cluster is reduced is dictated by the total rate draining the
cluster through film flow. Now, if viscous forces are negligible
in the bulk liquid, the location of interface P can be obtained
using IP in a straightforward manner: Given a pore-network
representation and pore-throat size distributions, the interface
patterns of all liquid clusters correspond to invasion percola-
tion. It is obtained recursively by invading at every invasion
step the neighboring pore throat with the largest radius. This is
a consequence of the fact that, in the absence of viscous effects,
Pl is spatially uniform in the liquid clusters. This was the
approach taken in Yiotis et al. (2003). However, neglecting
viscous effects in the bulk, while retaining them in the films, is
strictly speaking inconsistent. For this reason, viscous effects in
both the films and the bulk liquid clusters will be considered. It
is well known that in the case of external displacements,
viscous effects are important, both in the displacement patterns
and in the recovery rates. Whether this is also true in the case
of drying will be explored in this work.

A Useful Transformation for Determining the Film Profile.
Given that the location of interface I is unknown, solving the

drying problem in the presence of films appears quite daunting,
at first glance. Closer inspection, however, reveals that a useful
transformation can be applied that leads to a rather straightfor-
ward solution. First, note that �3 and � satisfy the Laplace
equation in their respective, and mutually exclusive, domains F
and G (and where � and �3 are, respectively, constant). In
addition, at interface I, the normal fluxes of �3 and � are
linearly related through Eq. 15. It follows then, that the linear
combination

� �
�3 
 �Ca

1 
 Ca
(16)

satisfies the Laplace equation everywhere (in both regions F
and G), while remaining continuous and with continuous de-
rivatives, also everywhere (including interface I). Thus, it suf-
fices to solve the Laplace equation for � in the domain F � G,
subject to the boundary conditions

� �
�i

3 
 Ca

1 
 Ca
(17)

at the liquid cluster perimeter P and to � � 0 at the open end.
In Eq. 17, �i refers to the normalized film radius of curvature

at the place where the films emanate. Determining its value will
be discussed further below. For the moment, we will proceed
by making the approximation that the film thickness at the
liquid cluster interface is approximately constant and equal to
the throat radius, rc, corresponding to the percolation threshold.
This assumption has the important benefit that the boundary
condition becomes decoupled from the capillary number. By
taking rc as the characteristic length scale, we have �i 	 1, and
Eq. 17 reads � � 1. In doing so, we implicitly assumed that the
liquid cluster interfaces have the IP geometry. The validity of
this approximation is explored further in Appendix B. Note
also that rc is determined from the condition 
rc

� f (r)dr � pc,
where pc is the bond percolation threshold, and f (r) is the
pore-throat size distribution. For a square lattice, where pc �
0.5, and assuming a uniform size distribution for f (r), as done
below, the value of rc coincides with the arithmetic mean.

Using the above transformation, the solution of the Laplace
equation can be used to determine the profiles of the film radius
and the concentration, the rates of drying through each film, as
well as the location of the interface I, where the films terminate
and evaporation occurs. Interface I is located simply as the
position where

� �
Ca

Ca 
 1
(18)

It follows that for low values of Ca, as is typically the case, the
films extend all the way to the open boundary (where � � 0).
By contrast, when Ca is of order 1, the films are short and the
film tips (evaporation interface I) reside closer to the liquid
cluster interface P (where � � 1). For example, this would
correspond to cases with low interfacial tensions.

In summary, given the location of interface P (that is, that of
CC and DCs), we can evaluate the film radius, the concentra-
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tion, and the flow rates at any point, by solving the following
boundary value problems

�2� � 0 in regions G and F (19)

� � 1 at P (20)

� � 0 at the open end of the network (21)

In Yiotis et al. (2003) we adopted invasion percolation rules, in
which case the determination of P is straightforward. In the
general case, however, viscous effects in the bulk liquid may
not necessarily be negligible and must be accounted for. For
this, we will proceed as follows.

Liquid Cluster Patterns and their Perimeter P. In all pores
occupied fully by liquid (pores of type L), the viscous flow is
described by Poiseuille-type expressions. For such pores, the
liquid mass balance at any pore i reads in dimensionless nota-
tion as

�
j

� pi � pj��ij
4 � 0 (22)

where j denotes a neighboring pore, � is dimensionless pore
radius, and we have normalized pressure drops with the char-
acteristic value P* � �/rc. For pores at the perimeter P,
however, the mass balance is different and we need to further
distinguish two cases.

If the liquid pressure at a perimeter pore is not sufficiently
small, for the gas in the neighboring pore (CE in Figure 2) to
penetrate the connecting throat, the meniscus remains station-
ary. Because of the films, however, there is always net liquid
outflow from the pore. The corresponding mass sink is calcu-
lated by the film flow solution discussed earlier, using the
Laplace equation. In dimensionless notation, the mass balance
is then

�� �p

�
�

P

�ij
4 � �

j

�pP � pj��ij
4 � �

32�

3	
�1 
 Ca� �

F

��

�
�

P

(23)

where the first and second sums denote the liquid arriving at the
perimeter pore P and the last sum denotes the contributions
from the films in pores of type F draining the perimeter pore.

If the capillary pressure at a perimeter throat is sufficiently
high, that is, if the following condition is satisfied

�pP �
1

�ij
(24)

the adjacent pore is penetrated, thus becoming partly empty
(PE) (Figure 2), and leading to bulk-liquid displacement. As in
Yiotis et al. (2001), in such pores we assume that the capillary
pressure is zero. The latter is certainly an assumption. Strictly
speaking, one needs to follow in detail the local curvature,
given that it results from the calculation of the viscous pressure
fields. However, at least in this report, where viscous effects on

the patterns will turn out to be very small for typical values, the
error of this assumption is not significant. Then, the corre-
sponding mass balance reads in dimensionless notation

�
j

�p

�
�

P

�ij
4 �

32�

3	
�1 
 Ca� �

F
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�
�
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�
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�

P

�
8�lQP

	r0
2�

� �1 
 Ca�qP (25)

where we have taken pP � 0. The righthand side in Eq. 25 is
the volume flow rate at which the perimeter pore P empties,
and qp is a dimensionless flow rate. Then, the gas volumetric
fraction (saturation, S) of such a pore increases in time as

�Si �
�t

Vp
QP � qp�� (26)

where QP is assumed constant during the time step and we
made time dimensionless using the characteristic time t* �
8Vp�l/[	rc

2�(1 � Ca)]. This time is a multiple of the diffusion
time defined earlier for the single capillary, by the factor
16�Vp�lCa/[	2rc

3Ce(1 � Ca)]. For future use, we can also write

t* � �16�

	2 �� Vp�l

rcDCe
�� Ca

1 
 Ca�
an expression that will be used extensively below.

We now have the relevant information to determine the
solution of the full problem. Before we proceed, we note that
in addition to the pore-size distribution, the other two dimen-
sionless parameters that enter in the problem are the viscous
conductivity parameter � and the capillary number Ca. In fact,
the effect of Ca enters only in the combination (1 � Ca) (see
Eqs. 23 and 25). This means that for viscous forces to have a
noticeable effect on drying patterns (thus the dimensionless
drying rates), the capillary number must be of order 1. Thus,
before we even solve the full problem, we anticipate that the
patterns of the liquid clusters would be of the IP type, provided
that Ca is less than of order 1, but not necessarily very small
(and provided that the liquid clusters are not very close to the
open end, where the gradients

�
F

��
� �

P

can be large). This is typically the case. The remark also
validates the assumption we made on the constant film thick-
ness at the liquid cluster perimeter. Although a significant
effect on the pattern requires capillary numbers of the order of
1, however, the effect of the capillary number on the dimen-
sional drying rates is significant, and enters when the capillary
numbers are small, as will be shown below. It is worth con-
trasting this behavior to the case of external injection, such as
in forced drainage, where viscous effects on the pattern start
becoming important for much lower values of the capillary
number (such as of the order of 10�3) (Chatzis et al., 1983;
Larson et al., 1977; Xu et al., 1998), or for even lower values
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of the order of 10�6 (Dias and Payatakes, 1986; Vizika and
Payatakes, 1988). This difference reflects the characteristic of
countercurrent flow in drying, which is absent from external
displacements.

Numerical Results and Discussion

We proceed next to solve the problem numerically. The
simulation in the network, the updating of interfaces and the
marching in time is similar to that in Yiotis et al. (2001), and
will be qualitatively summarized as follows. At any given time,
pores have one of the designations L, F, or G (Figure 4). The
L pores can be part of the original liquid cluster (CC) or of the
disconnected finite-size clusters (DC). At every new time step,
the overall rate of evaporation from each of the liquid clusters
is evaluated using the Laplace equation. Pressure fields in the
liquid clusters are calculated and PE pores are emptied accord-
ing to the appropriate mass balances described above. The time
step is selected such that it equals the minimum time required
to empty completely any of the available PE pores. If at the
current time no PE pores are available to any (or all) of the
clusters (that is, if all pores are of the CE type), the throat with
the smallest capillary threshold in the perimeter of any given
cluster is invaded next, at which time the invaded pore be-
comes of the PE type. To determine this throat, the liquid
pressure is lowered uniformly in space inside the cluster, until
the capillary pressure exceeds for the first time the smallest
capillary threshold. Invasion must occur, given that, as a result

of evaporation, there is a continuous loss of mass from the
liquid clusters through film flow. Then, the interfaces are
updated, the equation for � is solved again, the rates of flow
through the film are obtained, and the process continues. All
calculations are done explicitly in time. The fields for the
pressure and � are computed using successive overrelaxation.

Geometric parameters include the number of pores in the
linear dimension N � L/l, where l is the typical lattice length,
the size distribution, parameter �, and the aspect ratio of the
porous medium block. Herein, all geometric parameters are
fixed, the throat-size distribution is taken to be uniform and
preassigned on the lattice, and the aspect ratio of the matrix
block is equal to 1. Emphasis is placed on the effect of the
capillary number. The numerical simulations were conducted
in 100  100 pore networks. We present numerical results of
the patterns of the liquid clusters, the extent of the film region,
and the drying rates.

Patterns

As noted above, because the pressure gradient at the front
scales as (1 � Ca), the effect of the capillary number on the
pattern is expected to be negligible for values of the capillary
number less than order of 1. In that range, we expect that the
phase distribution patterns will follow IP rules. The left panel
in Figure 6 shows two snapshots of the drying front for Ca �
10�4. As expected, it corresponds to an IP pattern. We note the
development of many disconnected clusters, particularly at the

Figure 6. Two snapshots of the drying front for Ca � 10�4 (left), Ca � 1 (middle), and Ca � 10 (right).
Liquid-occupied pores are in black.
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later stages of the process, also as expected. Such patterns are
identical to those produced in the absence of films (for exam-
ple, as in Yiotis et al., 2001), although the rates by which they
recede are not (see below). As the capillary number increases,
the patterns will eventually depart from IP, particularly at the
early times of the process. However, Figure 6 shows that quite
large capillary number values are needed for a noticeable effect
on the pattern. For example, the middle panel of Figure 6
shows that even for Ca � 1 the pattern is almost identical to IP,
except for a few small differences at the start of the process. It
takes larger values, of the order of Ca � 10 (right panel of
Figure 6), for the effect to be pronounced. Then, the pressure
drop at the front becomes relatively significant, and the pattern
exhibits the expected behavior of viscous “stabilization” [de-
scribed in Tsimpanogiannis et al., 1999, as invasion percolation
in a stabilizing gradient (IPSG)]. As drying progresses, the
recovery rate diminishes as a result of the receding of the
percolation front. In the case of large Ca, this results to a
transition from IPSG patterns to capillary-dominated IP pat-

terns. It follows, therefore, that under typical conditions and for
all practical purposes, the drying front can be accurately de-
scribed as an IP front. It was noted that this is in contrast to the
behavior of external drainage, where viscous effects on the
pattern become important for values of the capillary number as
low as 10�3.

Film profiles

The film properties and the film profile are determined from the
solution of the Laplace equation for �. Figure 7 shows a snapshot
of the isopotential contours for IP patterns. (For a video of the
evolution of these contours, see http://users.ntua.gr/yiotis/film-
s.html.) These reflect the solution of the Laplace equation around
a fractal object, thus following the fractal features at distances
close to it, but becoming smooth at a small distance away. Be-
cause of the assumed boundary condition � � 1 at the cluster
perimeter, all clusters act as sinks, and thus there is no fluid flow
from one cluster to another (see Appendix B).

Figure 7. Isocontours of the solution of the Laplace equation around the liquid clusters, for Ca � 0.5, with boundary
conditions � � 1 at the front and � � 0 at the open end.
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Figure 8 shows normalized film radius profiles, correspond-
ing to the same capillary numbers as in Figure 6 and at three
different stages of the process. The film radius has the approx-
imate profile � � 1/3, where  is the distance from the front,
and which corresponds to the solution of the 1-D Laplace
equation, as discussed above. The location of the film tips
(interface I) is the contour with the value � � Ca/(Ca � 1). It
follows that the film extent increases, that is, as the value of (Ca
� 1)/Ca decreases. At smaller Ca, capillarity helps to transport
liquid over larger distances and to keep the film extent larger.
This is favored by larger interfacial tension, larger values of rc,
and smaller viscosity and effective diffusivity. As noted, in our
model, the latter is in general a lumped parameter, and may
include, in addition to molecular diffusivity, various mecha-
nisms at the film tip (Cazabat et al., 1990; Kataoka and Troian,
1997; Oron et al., 1997), which were neglected here. It cer-
tainly should include end effects, when the film tips reach all
the way to the open end and which were also not accounted
here.

Figure 8 shows that at low Ca (left panel), the films extend
all the way to the open end, which is the place where practi-
cally all evaporation occurs. When Ca is of order 1 or larger,
however, the films are shorter (middle and right panels in
Figure 8), and lead to the formation of a completely dry region
G, the extent of which increases with time. Even though the
film region is short and a fully dry region has developed, the
drying front is still of the IP type (as in the left panel). In the
O(1) case, the film tips mimic the protuberances of the drying
front, being closer to the open boundary if associated with a
corresponding protuberance. Films that end at such points will
have a larger drying rate because the gradient of � (and of the
concentration) there is larger.

Drying curves

Based on the previous notation and assuming a 2-D geom-
etry, the overall drying rate in mass/time is expressed as

ℑ �
�WDlCe�1 
 Ca�

Ca
ℑD (27)

where � is porosity, W is the dimensionless width of the open
end (later taken as 1), �D � �
a0

(��/�n)da is the dimension-
less drying rate, and subscript 0 denotes the open boundary.
The dimensionless rate �D depends on the geometry of the
porous medium, time, and the capillary number in the combi-
nation (1 � Ca). In dimensionless notation, the dimensionless
time increment to fill one pore is

�� � �� 	2rc

16�l�� 1

	
a0

��

�n
da

(28)

which is inversely proportional to the dimensionless rate. The
dimensionless time � can be obtained by the integration of Eq.
28.

Figure 9 shows a plot of the dimensionless drying rate �D as
a function of the dimensionless time � for different values of
Ca. Figure 10 has the corresponding plots for the drying curves

(the gas saturation of the porous medium). It is clear that the
effect of the capillary number is small, and that all curves are
confined in a rather narrow region, even for large (and unre-
alistic) values of Ca. All curves approach ultimately the
high-Ca limit scaling �D � ��0.5. Thus, in contrast to the
interface patterns, where the capillary number ultimately has an
effect, albeit at relatively large values, drying rates and curves
are practically unaffected by Ca. This is a consequence of film
flow effects, which dominate the process and “regularize” the
effect of the pattern, whether of the IP type or the more
pistonlike displacement obtained at low capillary numbers.
This “regularization” is evident in the film profiles in Figure 8.

On the other hand, the effect of the capillary number is very
significant, when the drying curve is plotted as a function of
dimensional time. Indeed, because the characteristic time was
defined as

t* � �16�

	2 �� Vp�l

rcDCe
�� Ca

1 
 Ca�
it is clear that in dimensional time, the drying process accel-
erates in proportion to the ratio (1 � Ca)/Ca, which in the range
of realistic values is inversely proportional to Ca. We stress
that this is a result of the wicking action of the films and not of
increased film surface area, given that evaporation is practi-
cally restricted to the film tips. Rather, at smaller Ca, capillarity
transports liquid over larger distances, leading to steeper con-
centration gradients because the film tips (and interface I) are
closer to the open boundary, and thus to larger evaporation
rates. It is readily shown that in the region of small Ca, the
drying rate scales as

ℑ 

�rc

�l
(29)

showing the dominant effect of capillarity in this region. Con-
versely, at large Ca of order 1, the film extent is smaller, films
do not contribute substantially, and the drying rates are smaller.
There we have, roughly,

ℑ 
 DrcCe (30)

All previous pore-network models (Laurindo and Prat,
1998a,b; Prat, 1995; Prat and Bouleux, 1999; Yiotis et al.,
2001) correspond effectively to such condition.

In summary, in the typical problem, where the capillary
numbers is generally less than O(1), we anticipate the existence
of long films that drain liquid through the above “wicking”
action, and all the way to the open end where it subsequently
evaporates. For instance, in the experiments in Laurindo and
Prat (1998a) we have made the rough estimate Ca � 10�4,
suggesting that liquid films (region F) likely existed in all
gas-invaded pores in the experiments and that a completely dry
region (region G) did not develop. Quantitative results for the
drying rate and the extent of drying in terms of a dimensional
time can be obtained, such as by shifting the log � axis in
Figures 9 and 10 by log t* (which at low Ca is equal to log Ca).
It follows that an order-of-magnitude decrease in Ca will lead
to an order-of-magnitude decrease in time and a corresponding
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order-of-magnitude increase in the drying rate. These are at-
tributed exclusively to the effects of film flow.

Effect of Temperature Gradients

Temperature effects on drying processes in the absence of
films were addressed recently in two studies by Prat and
coworkers (Huinink et al., 2002; Plourde and Prat, 2003). Two
different effects were studied, the dependency on temperature
of surface tension and that of the equilibrium vapor pressure.
The sensitivity of the first is important in the case of porous
media of weak disorder. Then, the dependency of surface
tension on temperature can lead to either stabilizing or desta-
bilizing drying fronts, in an effect similar to gravity, depending
on the direction of the application of the temperature differ-
ence. For strongly disordered porous media, however, the vari-
ation of the equilibrium vapor pressure with temperature is the
more dominant effect, by accelerating the drying process.

In the presence of films, both effects will be present. How-
ever, we will restrict the present discussion to the effect of the
vapor pressure only, under the assumption that the porous
media disorder overwhelms the variability because of the sur-
face tension dependency on temperature. Our emphasis, by
way of reminder, is on the large scale, and in this context,
small-scale instabilities ascribed to temperature will be ig-
nored.

Isothermal effects

It is instructive to first briefly discuss temperature effects
under isothermal conditions. The previous formulation sug-
gests that elevated temperatures will affect the rates (through
the dependency of Ce) only in proportion to (1 � Ca). Thus, as
long as the capillary number remains low, improvements at-
tributed to heating will be negligible, given that the film action

is effective and dominates the process. However, when the
capillary number is sufficiently large, then film action becomes
ineffective, a scaling of the type in Eq. 30 will set in, and the
process approaches the case examined in detail by Huinink et
al. (2002).

Nonisothermal effects

Consider, now, the case of nonisothermal conditions. We
assume that a constant temperature gradient is applied and
maintained, for example, because of the dominant contribution
of solid matrix conduction. This is the same assumption used in
Huinink et al. (2002). The result is a corresponding gradient in
the equilibrium vapor concentration, which for simplicity we
will take to be a linear function of position in the same
direction as the temperature gradient, that is, Ce � Ax �
C0,where C0 is the reference equilibrium value. After normal-
izing with C0, we thus have

�e � 1 

A

C0
x (31)

where x is measured from the closed end. Constant A expresses
the strength of the applied spatial dependency, A 	 (dCe/
dT)(�T/�x). As in the isothermal case, the film region will be
saturated, but now with a spatially variable equilibrium con-
centration. To proceed we will adopt the previous approach;
that is, we will assume that for sufficiently small A, evaporation
practically occurs near the evaporation interface, in which case
the previous description applies, as described below.

In the film region F, the concentration is approximately
equal to equilibrium, thus

Figure 9. Dimensionless drying rate as a function of the dimensionless time, for three different values of the capillary
number.
The large-Ca limit coincides with the expected scaling behavior t�0.5.
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� � 1 

A

C0
x (32)

whereas the film radius obeys the quasi-static Laplace equation

�2�3 � 0 (33)

At the percolation boundary P, the latter is constant, � � 1. In
the dry region G, films are absent, � � 0, and the concentration
obeys the quasi-static diffusion equation

�2� � 0 (34)

with boundary condition � � 0 at the open end. In contrast to
the previous, however, the evaporation interface cannot be
explicitly calculated. Rather, it is at the location x � xf(y, t),
given implicitly from the solution of the two equations

� � 1 

A

C0
xf� y, t� (35)

1

Ca0

��3

�n
�

��

�n
(36)

the latter expressing conservation of mass at the front. In the
above, the capillary number is based on the reference equilib-
rium concentration C0.

Because of the dependency of the front location on the
transverse coordinate y, the solution of this problem does not
benefit from the previous transformation and must be solved
iteratively, as follows. First, the front location is guessed, and
the two Laplace Eqs. 33 and 34 are solved as boundary value

problems in their respective regions. The mass balance at the
front, Eq. 36 is then used to check the accuracy of the initial
guess and iteration is applied until convergence is reached.
This approach was implemented in the results shown below.
Before we proceed further, however, it is instructive to con-
sider two special cases:

(1) At small capillary numbers, the problem can be further
simplified. From our previous experience, the film front in such
cases is far enough from the percolation front, so that it can be
assumed flat, without great loss. In this case, therefore, the
problem can be solved by applying iteration, but only on the
average front location. In addition, by assuming that x 	 xf(t),
then we can use the transformation of the isothermal case and
define the auxiliary variable

� �
�3 
 Ca0�

1 
 Ca0� A

C0
xf�t� 
 1� (37)

This variable satisfies the Laplace equation everywhere, it is
continuous and with continuous derivatives everywhere, and it
is subject to the boundary conditions � � 1 at the percolation
front and � � 0 at the open boundary. Its solution, �(x, y), is
obtained in a straightforward manner, as before. Now, the
location of the evaporation front xf(t) is the contour at which

�� � xf�t�� �

Ca0� A

C0
xf�t� 
 1�

1 
 Ca0� A

C0
xf�t� 
 1� (38)

Figure 10. Dimensionless drying curve (gas saturation) as a function of the dimensionless time, for three different
values of the capillary number.
The large-Ca limit coincides with the expected scaling behavior t0.5.
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where the bar denotes transverse average. Equation 38 is es-
sentially an algebraic equation for xf and requires an iterative
solution, using the Laplace equation.

(2) An instructive illustration is possible for 1-D geome-
tries. If we denote the location of the bulk liquid (percolation)
front by xp we have the solution

� �
N � x

N � xp
(39)

It is not difficult to show, then, that the film tip location is the
solution of the following quadratic equation

Caf
2 
 �1 � Cap�Caf � CaN � 0 (40)

where subscripts f, p, and N refer to the film tip, the liquid front,
and the position of the open end, respectively. If the two
capillary numbers at the ends are small or large, so is Caf,
respectively.

The most interesting case is if Cap is small, but CaN is large,
so that the solution of Eq. 40 is

Caf �
�1 
 �1 
 4CaN

2
� CaN (41)

indicating short films and the approach to the case discussed by
Huinink et al. (2002).

The above methodology (iterative solution of Eqs. 35 and
36) was used to derive drying rate curves for the case when IP
conditions at the front apply. As previously, the drying rate is

ℑ �
�WDlC0

Ca0
�1 
 Caf�ℑD (42)

where �D � �
a0
(��/�n)da, whereas the analogous dimen-

sionless time increment is

�� �

�1 
 Ca0�� 	2rc

16�l��
�1 
 Caf�ℑD

(43)

Results are shown in Figure 11, as a function of the parameter
A/C0. In these the dimensionless time was expressed in terms of
the reference capillary number

t* � �16�

	2 �� Vp�l

rcDCe0
�� Ca0

1 
 Ca0
�

As expected, drying accelerates as the applied temperature
gradient increases, particularly at early times. However, the
effect is significant only if parameter A/C0 is large. The tem-
perature effect enters in both the dimensionless rate �D and in
Caf in the combination (1 � Caf). However, both from simu-
lations, as well as from the simpler 1-D analysis above, the
most important effect turns out to be the latter. In essence, the
temperature gradient effect enters in ways similar to the effect
of viscous forces in the bulk, in that it dominates only if Caf is
of order 1. Thus, (A/C0)N must be quite large for a nontrivial
effect to be felt. Figure 11 shows that this indeed the case. This
effect diminishes at larger times, and all curves approach the
same asymptote. We conclude that when film flow effects are
dominant, nonisothermal effects are not important. On the
other hand, for sufficiently strong temperature gradients, the
films are short, nonisothermal effects becomes important, and
the problem approaches the case discussed in Huinink et al.
(2002).

Figure 11. Effect of temperature gradients on the drying rates.
Ca0 � 10�4, N � 100.
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Conclusions

This article has reported the investigation of the effect of
capillarity-driven viscous flow through macroscopic liquid
films during the isothermal drying of porous materials. A
mathematical model that accounts for viscous flow in a 2-D
pore network, through both the liquid films and the bulk liquid
phase, was presented. Using a novel transformation, it was
found that film flow is a major transport mechanism, its effect
being dominant when capillarity controls the process, which is
the case in typical applications. The effect of the films is
explained by the fact that in their presence the gas phase
remains saturated; little or no evaporation occurs in such pores;
and the transport of the fluid is through strong capillary flow,
which is effective in transporting the fluid closer to the open
end, where larger concentration gradients exist. The extent of
the films increases with a decrease in a suitably defined capil-
lary number, where the driving force is diffusion. By contrast,
viscous flow in the bulk contributes negligibly, for typical
values, and becomes important in affecting patterns, but not
rates, only at values of the capillary number of order 1. This
result is different from that for external, forced drainage, where
capillary number values of order of 10�3 are sufficiently large
to affect displacement patterns. The difference is attributed to
the counterflow mechanism of film flow. The results are in
qualitative agreement with previous experimental work, which
shows accelerated drying when films contribute to flow. Ex-
tension of the approach to nonisothermal conditions showed
that if film flow dominates, temperature effects are secondary.
The latter become strong only if films are short.

The approach we followed was subject to many assump-
tions. Evaporation was modeled in terms of simple diffusion-
type processes, and detailed small-scale flow phenomena were
ignored. Likewise, lumped into an effective diffusivity were
transport effects near the open end of the medium. In addition,
the variability of the pore microstructure was considered only
in capillary properties, insofar as percolation patterns are con-
cerned. In particular, the success of the mathematical transfor-
mation was based on ignoring heterogeneity in diffusive con-
ductances for different pores. Finally, we have neglected the
possibility of intercluster communication through films, by
postulating that all films at the clusters have the same starting
radius. We recognize that these are potentially important lim-
itations that may preclude the precise quantitative comparison
with experimental results. However, we believe that we have
provided a good first approximation to the complicated prob-
lem of film flow in drying processes. It is also possible that the
approach presented may find applications to other processes in
porous media involving film flow, such as countercurrent im-
bibition.
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Appendix A

Steady-state single-capillary film flow

We can demonstrate the conjectures regarding the approach
to steady state of Eqs. 9 and 11 by considering the numerical
solution of an initial-boundary value problem involving a film
exposed to a dry environment at one end, with film thickness
and mass flux through the film specified at the origin, and with
an insulating boundary for the gas mass flux at the origin. Thus,
we take initial conditions � � 1 at t � 0, boundary conditions
� � 1 and (��/�) � �(2Ca/	) at  � 0, and the constraint � �
0 at the open end. The initial condition for the film radius was

taken in the form shown below, which corresponds to an initial
steady state of the problem but for a different origin of the
liquid. The problem solved essentially corresponds to the case
where the origin suddenly recedes. The solution of the coupled
equations was obtained using a finite-differences scheme. Re-
sults for the rescaled thickness are shown in Figure A1 as a
function of distance and time. For the parameters of the figures
after a time of about 20� a steady state is reached.

Appendix B

Film thickness at the liquid cluster perimeter

A key assumption made throughout the text was that the film
radius at the liquid clusters, both CC and DC, remains constant
and equal to rc, corresponding to the percolation threshold, the
notion being that, at least under IP conditions, the process is
always at the percolation threshold. There is a flaw with this
approximation, however.

Although at IP conditions, the pore throat radius being
invaded does not remain constant, because of the invasion
nature of the process, but rather varies randomly, between the
largest throat value of the distribution and rc. Allowing for such
variation is possible, by setting the current value of the film
radius to correspond to the largest value of the perimeter throat
of the given cluster. Then, the value of � at the front would be

� �

� ri

r0
� 3


 Ca

1 
 Ca
(B1)

where ri is the currently largest value of the throat at each
cluster. Now, the DCs ahead of the CC will have on average
smaller values of �, given that their currently largest throat
radii are likely to be smaller. As a result, there is potentially net
liquid flow from the CC to the DC through films that will
connect the two clusters.

Figure B1 shows the drying curve (plotted vs. the dimen-
sionless time in a semilog plot) for two different pore-throat
size distributions, one corresponding to a wide (0.017–0.027)

Figure A1. Approach to steady state of the rescaled
thickness in a single capillary as a function of
time and space.
Ca � 10�5.
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and another to a narrow (0.021–0.023) throat distribution and
for two different values of Ca. Note that because � is not
constant any longer, the problem must be solved separately for
different values of Ca. As expected, the wide distribution leads

to faster drying rates because the gradient of � is on average
larger, whereas both curves are higher than the case in the text,
where � � 1. (It must be also noted that because � is not
constant over the liquid cluster perimeter, the isopotential con-
tours are now different. In addition, there is the potential that
net flow of liquid drains from the CC to one or more of the
DCs. These phenomena will be detailed in a separate analysis.)

It is possible, however, to collapse all the curves, by rede-
fining an effective radius rc, which enters in the dimensional
time, both directly and through the capillary number. For
example, the two curves can collapse with each other and with
the constant � case, in the semilog plot of Figure B1, by
appropriate shifting of the time axis. In the low Ca case, from
the amount of the shift, we can determine this effective rc, by
equating the shift with log rc

2, whereas in the case of large Ca,
the shift is closer to log rc. With this procedure we find that the
effective radii turn out to be the average between the maximum
value of the distribution and the mean. We conclude that at
least the drying curves can be well approximated with the
constant � assumption, provided that an adjusted effective
value for rc is used.

Manuscript received Jul. 11, 2003, and revision received Mar. 2, 2004.

Figure B1. Drying curves vs. dimensionless time plotted
in a semilog plot for two different values of
the capillary number and two different throat
size distributions.
Also shown is the case of a unimodal size distribution.
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